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For a q-deformed harmoni osillator, we nd expliit oordinate representations
of the reation and annihilation operators, eigenfuntions, and oherent states
(the last being dened as eigenstates of the annihilation operator). We alulate
the produt of the oordinatemomentum unertainties in qosillator eigenstates
and in oherent states. For the osillator, this produt is minimum in the
ground state and equals 1/2, as in the standard quantum mehanis. For
oherent states, the q-deformation results in a violation of the standard
unertainty relation; the produt of the oordinate- and momentumoperator
unertainties is always less than 1/2. States with the minimum unertainty,
whih tends to zero, orrespond to the values of λ near the onvergene radius
of the q-exponential.
Keywords: q-deformation, harmoni osillator, reation and annihilation
operators, oherent states, unertainty relation
1 Introdution
In the last deade, quantum groups and q-deformed algebras have been the
subjet of intense investigation. After the rst works where the notion of a
q-deformed harmoni osillator was introdued [1, 2, 3℄, quantum groups and
q-deformations have found appliations in various branhes of physis and
hemistry. In partiular, they were used to desribe eletroni ondutane
in disordered metals and doped semiondutors [4℄, to analyze the phonon
spetrum in
4
He [5℄, and to haraterize the osillatory-rotational spetra
1
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of diatomi [6℄ and multiatomi moleules [7℄. As a natural appliation of
quantum groups, q-deformed quantummehanis [8, 9℄ was developed, generalizing
the standard quantum mehanis based on the Heisenberg ommutation
relation (the Heisenberg algebra). Quantum q-analogues of several fundamental
notions and models in quantummehanis.phase spae [10℄, unertainty relation
[11, 12℄, density matrix [13℄, harmoni osillator [1, 2, 10℄, hydrogen atom [14℄,
reation and annihilation operators, oherent states [1, 2, 15℄, and dynamis
[16℄.have been onstruted suh that they redue to their standard ounterparts
as q → 1. It turned out that the properties of some of the generalized q-
variables are notably dierent from the properties of the standard quantum
mehanial analogues. For example, the q-osillator has a strongly nonlinear
spetrum, and the produt of unertainties an be less than 1/2 in some
ases [11℄. The properties of quantum groups (the q-analogues of standard
groups used in quantum mehanis) have been studied at the abstrat level
in suient detail, and a large number of operator identities have been
obtained based on the orresponding ommutation relations. On the other
hand, oordinate realizations of operators and wave funtions have reeived
muh less attention: to the best of our knowledge, only the pioneering paper
[1℄ ontains indiations about the expliit form of the q-osillator wave funtions.
In this paper, we obtain expliit oordinate representations for the reation
and annihilation operators, wave funtions, and oherent states of the q-
deformed harmoni osillator and investigate their dependene on the deformation
parameter q. For oherent states, we alulate the produt of the 'oordinate-
momentum' unertainties expliitly and show that it an take values arbitrarily
lose to zero.
2 The q-deformed harmoni osillator
The q-deformed harmoni osillator (simply q-osillator in what follows)
is desribed by the Hamiltonian
H =
h¯ω
2
(aa+ + a+a) (1)
where ω - is the osillator frequeny and, a+ and a - are reation and
annihilation operators satisfying the ommutation relation
[a, a+]q = aa
+ − qa+a = 1 (2)
2
with the deformation parameter q taking values in (0, 1). In what follows, we
use the system of units where h¯ = 1. In the spae of eigenvetors |n〉, n =
0, 1, 2, ... of Hamiltonian (1)
H|n〉 = En|n〉. (3)
the operators a and a+ at as ladder operators
a|n〉 =
√
[n]|n− 1〉 (4)
a+|n〉 =
√
[n + 1]|n + 1〉 (5)
where [n] = 1−q
n
1−q - is the q-integer [16℄. The spetrum of Hamiltonian (1) has
the form
En = ω
(
[n] +
qn
2
)
= ω
(
[n] + [n+ 1]
2
)
(6)
and is bounded from above by the value
E∞ =
ω
1− q (7)
At q = 1 it beomes the spetrum of the standard harmoni osillator
En = ω
(
n+
1
2
)
(8)
For small deviations from unity (q = 1−ε), the spetrum beomes quadrati,
En = ω
(
n +
1
2
− n
2
2
ε+O(ε2)
)
(9)
whih allows using the q-osillator to desribe osillatory-rotational levels of
diatomi [6℄ and multiatomi [7℄ moleules with the unharmoniity parameter
ε. As for the standard harmoni osillator, the eigenvetors of Hamiltonian
(1) an be found by onseutively applying the reation operator a+ to the
vauum state vetor:
|n〉 = 1√
[n]
a+|n− 1〉 = . . . = 1√
[n]!
(a+)n|0〉 (10)
The vetors thus onstruted are orthonormalized and onstitute a omplete
system. Energy levels (6) are determined only by the form of Hamiltonian
3
(1) and by ommutation relation (2). To nd the eigenvetors expliitly, we
must speify the oordinate representation for the reation and annihilation
operators. We suggest taking it in the form
a =
exp(−2iαx)− exp(iα d
dx
) exp(−iαx)
−i√1− exp(−2α2) (11)
a+ =
exp(2iαx)− exp(iαx) exp(iα d
dx
)
i
√
1− exp(−2α2) (12)
ãäå α =
√
− ln q/2, 0 < α < ∞. This representation satises relation (2)
and yields the standard harmoni-osillator expressions in the limit as q →
1 (α → 0). The orresponding oordinate and momentum operators in q-
deformed quantum mehanis are given by
xˆ =
a + a+√
2
=
√
2
1− exp(−2α2) ×
×
(
sin (2αx)− exp
(
α2
2
)
sin
(
αx+
α2
2
i
)
exp
(
iα
d
dx
))
pˆ =
a− a+
i
√
2
=
√
2
1− exp(−2α2) ×
×
(
cos (2αx)− exp
(
α2
2
)
cos
(
αx+
α2
2
i
)
exp
(
iα
d
dx
))
(13)
Using the proposed oordinate representation, we rst nd the vauum-
state wave funtion. The normalized solution of the equation a|0〉 = 0, i.e.,[
exp(−2iαx)− exp
(
iα
d
dx
)
exp(−iαx)
]
Ψ0(x) = 0 (14)
is given by
Ψ0(x) =
1
pi
1
4
exp
(
−x
2
2
+
3
2
iαx
)
(15)
The probability density of the vauum state |Ψ0(x)|2 has a Gaussian shape
and is independent of the deformation parameter q.
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Substituting relations (12) and (15) in formula (10), we obtain an expliit
oordinate expression for the normalized q-osillator wave funtions:
|n〉 = Ψn(x) =
exp(−x2
2
+ 3
2
iαx)
pi
1
4 in(1− exp(−2α2))n2√[n]! ×
×
n∑
k=0
(−1)k[n]!
[k]![n− k]! exp((n− k)2iαx− kα
2) (16)
where [n]! = [1][2]...[n]. As q → 1 (α → 0), wave funtions (16)onverge to
wave funtions of the harmoni osillator,
Ψn(x)
q→1−→ 1
pi
1
42
n
2
√
n!
Hn(x) exp
(
−x
2
2
)
(17)
and as q → 0 (α → ∞) hey degenerate in that the probability density for
any n tends to the ground-state probability density,
Ψn(x)
q→0−→ 1
pi
1
4 in
exp
(
−x
2
2
+
(
2n+
3
2
)
iαx
)
(18)
|Ψn(x)|2 q→0−→ 1
pi
1
2
exp
(−x2) (19)
It is interesting to estimate the oordinate-momentum unertainty relation
for the q-osillator eigenstates. Using ladder relations (4) and (5), we nd the
means of the oordinate and momentum operators:
〈x〉 = 〈p〉 = 0
〈x2〉 = 〈p2〉 = En
ω
(20)
This implies that the produt of the oordinate and momentum unertainties
for the pure nth state of the q-osillator is equal to the energy of this state
in the units of ω:
∆x∆p =
(〈x2〉 − 〈x〉2) 12 (〈p2〉 − 〈p〉2) 12 = En
ω
≤ n+ 1
2
(21)
It is less than the analogous value for the standard harmoni osillator for
all n exept n = 0. At n = 0 , the produt of the unertainties is minimum
and is given by 1/2.
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The idea that deformed ommutation relations an lead to a hange in
the unertainty relation was rst proposed bak in [20℄. The rst estimates
showing that the produt of the oordinate and momentum unertainties for
a q-analogue of the Heisenberg algebra an be less than 1/2 were given in
[11, 13℄. To nd the minimum value of the produt of unertainties, we turn
to the q-analogue of oherent states of a harmoni osillator.
3 Coherent states
Coherent states In quantum mehanis, the minimum possible produt of
unertainties is harateristi of the oherent states, one of whose denitions
involves the annihilation operator for the harmoni osillator [18℄. We onsider
a generalization of this notion to the ase of q-deformations and alulate
the oordinate and momentum unertainties in a oherent state. We dene
a oherent state as an eigenstate of the annihilation operator,
a|λ〉 = λ|λ〉 (22)
where λ - is a omplex number subjeted to some restritions below. With
expression (4), we an show that this denition is equivalent to the deomposition
|λ〉 = c0
∞∑
n=0
λn√
[n]!
|n〉 (23)
in the q-osillator eigenfuntions or to the ation of the shift operator on the
vauum state,
|λ〉 = c0
∞∑
n=0
(λa+)
n
[n]!
|0〉 = c0 expq
(
λa+
) |0〉 (24)
where expq is the q-exponential [?℄. The onstant c0 is determined from the
normalization ondition 〈λ|λ〉 = 1:
|c0|2 = 1∞∑
n=0
|λ|2n
[n]!
=
1
expq(|λ|2)
(25)
The existene of a onvergene disk for the q-exponential imposes a restrition
on the oherent states,
|λ| < 1√
1− q (26)
6
in ontrast to the ase of the standard quantum mehanis, where λ an take
any values. To alulate the means of the oordinate and momentum, we
need the energy of the oherent state:
〈λ|H|λ〉 = 〈λ|1
2
+
1 + q
2
a+a|λ〉 = 1
2
+
1 + q
2
|λ|2 (27)
Relations (27) and (26) imply that the energy of q-oherent states is
bounded:
〈λ|H|λ〉 < 1
1− q (28)
Calulating the other means proeeds from oherent-state denition (22):
〈x〉 = 〈λ|a+ a
+
√
2
|λ〉 = λ+ λ
∗
√
2
〈p〉 = 〈λ|a− a
+
i
√
2
|λ〉 = λ− λ
∗
i
√
2
〈x2〉 = 〈λ|
(
a + a+√
2
)2
|λ〉 = 1
2
(
λ2 + λ∗2
)
+ 〈λ|H|λ〉
〈p2〉 = 〈λ| −
(
a− a+√
2
)2
|λ〉 = −1
2
(
λ2 + λ∗2
)
+ 〈λ|H|λ〉 (29)
From (29) and (22) with (27) taken into aount, we nd the produt of the
oordinate and momentum unertainties for the oherent state, |λ〉:
∆x∆p = 〈λ|H|λ〉 − |λ|2 = 1
2
− 1− q
2
|λ|2 (30)
For any q < 1 and admissible λ , this produt is less than the standard
quantum mehanial value 1/2. Moreover, it an be made arbitrarily small
as λ inreases. Therefore, while the oherent states in the standard quantum
mehanis are dened as the minimum-unertainty states, this denition does
not work in the q-deformed quantum mehanis: the minimum value ∆x∆p,
equal to zero in the q-deformed ase (see (30)), is unreahable beause the
q-exponential series does not onverge at the orresponding values of λ (|λ| =
(1− q) 12 )
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To nd the wave funtions of oherent states expliitly, we solve Eq. (22),
whih involves annihilation operator (11):(
exp(−2iαx)− exp(iα d
dx
) exp(−iαx)
−i√1− exp(−2α2) − λ
)
Ψλ(x) = 0 (31)
We seek the solution in the form
Ψλ(x) = f(exp(2iαx))Ψ0(x) (32)
where the zeroth oherent state has form (15). Substituting expression (32)
in (31)and performing some transformations, we obtain
f(A)− f(qA)
A(1− q) =
λ
i
√
1− q f(A) (33)
where A ≡ exp(2iαx). Equation (33) is a q-analogue of the standard dierential
equation for the exponential [?℄ and has the solution
f(A) = expq
(
λ
i
√
1− qA
)
(34)
Substituting this solution in (34) â (32)and realling the normalization onditions,
we nd the expliit form of oherent states:
Ψλ(x) =
1
pi
1
4
[
expq(|λ|2)
] 1
2
expq
(
i
λ
√
q√
1− q
)
×
× expq
(
λ
i
√
1− q exp(2iαx)
)
exp
(
−x
2
2
+
3
2
iαx
)
(35)
As q → 1 , this expression redues to the oherent states of the standard
quantum osillator:
Ψλ(x)
q→1−→ 1
pi
1
4
exp
(
−(x− λ
√
2)
2
2
)
(36)
It an be shown that expression (35) is equivalent to deomposition (23) with
respet to the q-osillator eigenfuntions. The probability density of oherent
states is given by deformed Gaussian urves whose amplitude inreases as q
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dereases, i.e., as the deformation inreases. The struture of the urves is
most interesting in the ase of large deformations (q << 1) and large λ,
i.e., for small-unertainty states (30). As λ inreases from zero to the limit
value
1√
1−q , the original Gaussian urve (15) is deformed into several loalized
narrow peaks. To explain this, we onsider the limit behavior of oherent
states as q → 0. Formula (35) and the properties of the q-exponential [?℄
imply that
|Ψλ(x)|2 q→0−→ 1
pi
1
2
1− |λ|2
1 + |λ|2 − 2Im(λ exp(2iαx)) exp(−x
2) (37)
As q → 0 (α → ∞) , the rapidly osillating term in the denominator uts
separate peaks from the Gaussian funtion.
4 Conlusions
The main results in this work are the expliit oordinate representations
for the q-deformed osillator annihilation and reation operators (Eqs. (11)
and (12)), eigenfuntions (Eq. (16)), and oherent states (Eq. (35)). Another
important result is that the q-osillator oherent states minimize the oordinate-
momentum unertainty relation in Eq. (30), whih, in ontrast to the standard
quantum mehanis, is not bounded by the value 1/2 but an take arbitrarily
small positive values depending on the deformation parameter q and the
oherent-state eigenvalue λ. States with the minimum unertainty, tending
to zero, orrespond to the values of λ near the onvergene radius of the
q-exponential: |λ| → 1√
1−q .
To onlude, we disuss the physial interpretation of the deformation
parameter q, with possible appliations of our results in mind. The struture
of quantum groups is naturally related to some exatly solvable models in
statistial mehanis and eld theory [1℄, but the meaning of deformation
of the standard quantum mehanial relations is still unlear. It has been
onjetured that this deformation may be observed at Plankian distanes
(shorter than 10−17 m [2, 11℄), but these onjetures annot yet be veried
experimentally. On the other hand, the deformation parameter an be given a
less fundamental interpretation in moleular physis and quantum hemistry,
based on nonlinear properties of the q-osillator. Man'ko and oauthors [?℄
already noted that the q-osillator an be regarded as the standard nonlinear
osillator with a peuliar dependene of the frequeny on the osillation
9
amplitude. Later, it was established that quantum dynamis of the q-osillator
is isomorphi to the dynamis of the standard nonlinear osillator with quadrati
unharmoniity [19℄. Therefore, it appears quite reasonable to interpret the
q parameter as an unharmoniity measure of moleular osillations. This
is further supported by the nonlinearity of the q-osillator spetrum (see
(9)), whih at small deformations is quadrati, as are osillatory spetra of
eletroni states of many moleules. We therefore hope that the results in
this work, in partiular, the expliit form of the q-osillator wave funtions,
an be used in the theory of moleular spetra, for example, to alulate the
line intensities determined by the overlap integrals of wave funtions.
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